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EVOLUTION FAMILIES AND THE LOEWNER EQUATION II: 
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FILIPPO BRACCI, MANUEL D. CONTRERASt AND SANTIAGO DIAZ-MADRIGALt 



00 

O 

o 

^^ ' Abstract. We prove that evolution families on complex complete hyperbolic manifolds 

are in one to one correspondence with certain semicomplete non-autonomous holomor- 
phic vector fields, providing the solution to a very general Loewner type differential 
equation on manifolds. 



1. Introduction 



In [TT] Loewner developed a tool to embed univalent functions into particular families 
of univalent functions, nowadays known as Loewner chains. Such a tool has been studied 
and extended by many mathematicians in the past years and has been proved to be 
very effective in the solution of various problems and conjectures. For definitions, detailed 
historical discussion and applications, we refer the reader to the books of Pommerenke 
^ ■ [I3] and Graham and Kohr [7j and to [1]. 

•/^ ! Loewner chains in the unit disc are related to other two objects: a certain type of non- 

autonomous holomorphic vector fields (which we call Herglotz vector fields) and families 
of holomorphic self-maps of the unit disc, called evolution families. Those three objects 

[*>-. ■ are related by means of differential equations, known as Loewner differential equations. 

O I In one dimension, most of the work done so far is to relate Loewner chains to Herglotz 

00 

Q I vector fields and to evolution families when common fixed points inside the disc are 

present. The main difficulty to treat boundary fixed points and higher dimensional cases 

, is the lack of appropriated distortion theorems. For instance, we present here an apparently 

rS '. unknown example of the lack of a type of Koebe 1/4-theorem in higher dimension (the 

c^ I first named author thanks Francois Berteloot for discussions about it): 

Example 1.1. Let n > 2 and let F : C" — >^ C" be a holomorphic injective map such 
that F(C") is a proper subset of C" (this exists by the well known Fatou-Bieberbach 
phenomenon, see, [H]). Up to translation we can assume that F{0) = O. For A > let 
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Fx{z) := XF{z) and Qx = -^a(C"). Then, for all fixed e > there exists A > such that 
dist{dQx,0) < e. Now, let Ahe a.nn x n invertible matrix such that d{Fx{Az)) z=o = id 
and let G{z) := Fx{Az). The map G : B" ^ C" is univalent, G{0) = O, dGo = id and 
the image of G{M"') does not contain the ball of radius e and centered at O. 

As a matter of fact, in higher dimension or with boundary fixed points in the unit disc, 
in order to relate the three objects and to solve the appropriated Loewner differential 
equations, one is forced to restrict to particular classes of mappings. 

Loewner differential equations have been studied in higher and infinite dimension (in 
the unit ball) especially by Graham, G. Kohr, M. Kohr, H. Hamada, T. Poreda and J. A. 
Pfaltzgraff. We refer the reader to |7], [8], [9] and references therein. 

In this paper, which is a sequel of ^, we study on complex manifolds the Loewner 
differential equation which relates evolution families and Herglotz vector fields. 

To state our main result we need a few definitions. Let M be a complex manifold and 
let d{-, ■) be a distance on M. 

Definition 1.2. A family (v^s,*) is called a (continuous) evolution family ii 

(1) ips,s = idM- 

(2) ips,t = fu,t o fs,u for all < s < M < t < +00. 

(3) (fs,t : M ^ M is holomorphic for all < s < t < +00. 

(4) For any < s < +00 and for any compact set i^ CC M the function [s, +00) 3 
t H^ ^s,t{^) is locally Lipschitz continuous uniformly with respect to K. Namely, 
fixed T > 0, there exists ct^k > such that 

(1.1) snpd{ips,t{z),'fs,t'iz)) < CT,K\t-t'\, 

for all < s < t, t' < T. 

A Herglotz vector field G{z, t) on M is a weak holomorphic vector field of order 00 (see 
Section [2]) such that {dkM){z,w){G{z,t),G{w,t)) < for almost every t e [0, +cxd) and all 
z j^ w. Here fc^ is the Kobayashi distance on M and it is assumed to be G^ outside the 
diagonal, which is always the case for instance if M is a strongly convex domain with 
smooth boundary. 

Our main result is that there is a one-to-one correspondence between evolution families 
and Herglotz vector fields, namely 

Theorem 1.3. Let M be a complete hyperbolic manifold with Kobayashi distance ku- 
Assume that kM G G^{M x M \ Diag). Then for any Herglotz vector field G there exists 
a unique evolution family {(ps,t) over M such that for all z G M 

(1.2) ^^|^ = G(^,,,(z),t) a.e.te[s, +00). 
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Conversely for any evolution family {(fs,t) over M there exists a Herglotz vector field G 
such that (11.21) is satisfied. Moreover, if H is another weak holomorphic vector field which 
satisfies (11.21) then G{z,t) = H{z,t) for all z E M and almost every t G [0, +oo). 

Such a theorem is not sharp in the sense that some of the hypotheses can be lowered 
in order to obtain partial results. More precisely we show in Proposition 13.11 that given 
a Herglotz vector field of order d > 1 there exists a unique evolution family of the same 
order d which verifies (II. 2p (see Section [2] for definitions). The converse (for L°° data) is 
proved in Proposition 14.11 which holds more generally for taut manifolds. Some remarks 
about the possibility of dropping the regularity of kM are also contained at the end of 
Section [3] and Section HI We also show that all the elements of an evolution family on taut 
manifolds must be univalent (see Proposition 15.11) . 

2. Weak holomorphic vector fields, Herglotz vector fields and 

evolution families 

Let M be a complex manifold of complex dimension n. Let TM denote the complex 
tangent bundle of M and let 1 1 ■ 1 1 be a Hermitian metric along the fibers of TM. We denote 
by d{-, ■) the distance induced on M by 1 1 ■ 1 1. Also, we let /cm denote the Kobayashi pseudo- 
distance on M. For definitions and properties of kM, of taut manifolds and complete 
hyperbolic manifolds we refer the reader to, e.g., [T] or |ID]. Here we only recall that 
complete hyperbolic manifolds are taut. 

Definition 2.1. A weak holomorphic vector field of order d > 1 on M is a function 

G : M X [0, +oo) -^ TM 

with the following properties: 

(1) For all z G M the function [0, +oo) 3 t \-^ G{z,t) is measurable. 

(2) For all t > the function M 3 z \-^ G{z, t) is holomorphic. 

(3) For all compact set -ft' CC M and all T > there exists a function Ck,t ^ 

L'^([0,T],M+) such that 

(2.1) \\G{z,t)\\<CK,T{t) 
for all z E K and almost every t G [0, T]. 

Lemma 2.2. Let G{z,t) be a weak holomorphic vector field of order d > 1 on M. Let U 
he a coordinate open set of M such that TM\u ~ [/ x C". Let P CC U he a relatively 
compact polydisc. Let T > 0. Then there exists Cp^t £ -^°'([0,T],]R+) such that 

(2.2) \G{z,t)-G{w,t)\ <Cp^T{t)\z-w\ 

for all z,w E P and almost every t G [0,T] (here |-, -j denotes the usual Hermitian metric 
on C^). 
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Proof. Let (ri, . . . , Vn) be the multiradius of P and let (fi, . . . , f„) be the multiradius of 
another polydisc P such that P GG P GG U. We write 

\G{z,t) -G{w,t)\ < \G{zi,...,Zn,t) -G{zi,...,Zn-l,Wn,t)\ 

+ ... + \G{Zi,W2...,Wn,t) -G{Wi,...,Wn,t)\. 

By the Cauchy formula and (12. ip (taking into account that the Hermitian metric 1 1 ■ 1 1 is 
equivalent to the metric | ■ | of C" on U) we have 

1^/ .\ r^/ +\\ ^ ^ f \G{zi,...,Zn-l,^,t)\\Zn-Wn\:,: 
\G{zi,...,Zn,t) -G{Zi,...,Zn-l,Wn,t)\ < — / — . \d^\ 

< CpCp^T{t)\Zn-Wn\, 

for some constant cp > which depends only on U and P. Similar estimates hold for the 
other terms and thus (12.21) follows. D 

Remark 2.3. By the Caratheodory theory of ODE's (see, for instance, [5]) it follows that 
if G{z,t) is a weak holomorphic vector field on M, for any {s,z) G [0, +oo) x M there 
exist a unique /(s, z) > s and a function x : [s, J(s, z)) ^ M such that 

(1) X is locally absolutely continuous in t. 

(2) X is the maximal solution to the following problem: 

f (t) := x,(|) = G(x(t), t) for a.e. t G [s, J(s, z)), 
x{s) = z. 

The number I{s, z) is referred to as the escaping time of the couple [s, z). 

Remark 2.4. If M is complete hyperbolic with Kobayashi metric kM, G is a weak holomor- 
phic vector field over M and x is the maximal solution for the couple (s, z) with escaping 
time I{s, z) > as defined in the previous remark, it follows that for any compact set 
K GGM 

lim sup A;m (3^(^)7 -^) = +00. 

t->I{s,z) 

Definition 2.5. Let d > 1. Let M be a complex manifold. Assume that kM G C^{M x 
M\Diag). We let 

T-Cd{M) : = {G{z,t) weak holomorphic vector field of order d 

: {dkM)(z,w)iG{z,t),G{w,t)) < Wz,w G M,z^w and a.e. t G [0,+oo)}. 

We call a Herglotz vector field of order d any element G G 7id{M). A Herglotz vector field 
of order 00 is simply said a Herglotz vector field. 

Remark 2.6. According to [3j if M = Z) is a strongly convex domain in C" with smooth 
boundary then G is a Herglotz vector field if and only if it is a weak holomorphic vector 
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field such that for almost every t G [0, +00) the function D 3 z i-^ G{z,t) is an infinites- 
imal generator of a semigroup of holomorphic self-maps of D (see, e.g. pQ for definitions 
and properties of semigroups). 

Definition 2.7. A family {(ps,t) is called an evolution family of order d>lii 

(1) ips,s = IcIm- 

(2) ips,t = fu,t ° fs,u for all < s < M < t < +00. 

(3) (fs,t '■ M ^ M is holomorphic for all < s < t < +00. 

(4) For any T > and for any compact set K GG M there exists a function Ct,k ^ 
L'^([0,T],R+) such that 

(2.3) sup d{ips,t{z), (Ps,t'iz)) < / CT,K{Od^J 



zeK Jt' 

for all < s < t' < t < T. 
An evolution family of order 00 is simply said an evolution family. 

Since on a taut manifold M the topology of pointwise convergence on Hol(M, M) co- 
incides with the topology of uniform convergence on compacta (see, e.g., [U Corollary 
2.1.17]), the proof of the following lemma is similar to that of [4, Proposition 3.4] and we 
omit it: 

Lemma 2.8. Let M be a taut complex manifold. Let {<fs,t) be an evolution family of order 
d > 1 in M. The map (s,t) ^— *> ips,t € Hol(M, M ) is jointly continuous. Namely, given a 
compact set K G M and two sequences {s„}, {t„} in [0, -|-oo), with < s^ < tn, Sn — ^ s, 
and tn -^ t, then lim„^oo fs„,t„ = V^s,t uniformly on K. 

3. From Herglotz vector fields to evolution families 

In this section we prove that to each Herglotz vector field of order d > 1 there corre- 
sponds a unique evolution family of order d>l. 

Proposition 3.1. Let M be a complete hyperbolic manifold with Kobayashi distance kM- 
Assume that kM € C^{M x M\ Diag). Let d>l and let G{z,t) be a Herglotz vector field 
of order d > 1 on M . Then there exists a unique evolution family {(ps^t) of order d on M 
which verifies (II. 2p . 

In the proof, we will use the well-known Gronwall Lemma. For the reader convenience 
we state it here as needed for our aims. 

Lemma 3.2. Let 6 : [a,b] -^ M be a continuous function and k G L^{[a,b],W) non- 
negative. If there exists C > such that for all t G [a, b] 

e{t) <c + 1 eiOkiOd^ (resp., e{t) <c + j eiOkiOdO, 
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then 

e{t) < Cexp (j^ k{i)di\ (resp., 9{t) < Cexp H k{Od^\ ). 

Proof of Proposition \3. 1[ For any s G [0, +00) and z G M, let '^s,t{z) be the maximal 
solution with escaping time I{s,z) > s (see Remark [2. 3 p which satisfies 

■%i = G{^sA^),t) for a.e. t G [s,I{s,z)), 

Vs,s{^) = Z. 

For all s > and z E M the curve [s, I{s, z)) 3 t \-^ '^s,t{z) is locally absolutely continuous. 

1. For all z,w E M it holds J(0, z) = /(O, w). Indeed, fix z,w E M. Then the function 
h : [0, +00) 3 t \-^ kM{^Po,t{z),{po^t{w)) is locally absolutely continuous. Differentiating we 
get 

d 

h{t) = —kM{VQ,t{^),'^o,t{w)) 

= (cifcAf)(^o.t(2),mt(«'))('^('^o,t(2),^),(v5o,i(w^),^)) < a.e. t G [0,+oo). 

Hence h is decreasing in t and therefore h{t) < h{0) for all t G [0, +00). If /(O, z) < /(O, w), 
since kM is complete hyperbolic and {'fo,t{u))}te[o,i{o,z)] CC M, by Remark [2. 4[ we have 

+00 = \im sup kM if o,t{z) , (po^w)) < kM{z,w) < +00, 

t^I{0,z) 

a contradiction. Then l{0,z) > l{0,w). A similar argument shows that l{0,z) < l{0,w), 
thus Step 1 follows. 

We let I := J(0, z) for some z E M. 

2. For all s < I and all z E M it follows I{s, z) = I. Indeed, repeating the argument 
in Step 1 with s substituting 0, we obtain that for all z,w E M and < s < t < 
min{J(s, z), I{s, w)} it follows 

(3.1) kM{iPsA^)^VsA'^)) < kM{z,w). 

Now, let w = ipo^s{z). Notice that w is well defined if s < /. By uniqueness of solutions of 
ODE's it follows that ips^'^) = '^s,t{'Po,s{z)) = ipoAz)- Therefore, from (13.11) it follows 

kM{^sA^)^^oA^)) < kM{z,'Po,s{^))- 
Arguing as in Step 1 we obtain that I{s, z) = I for all s < I. 

3. / = +CXD (and thus /(s, z) = -|-cxd for all couple (s, z) E [0, +00) x M by Step 2). 
Fix zo E M. We are going to show that there exists 6 > such that for all s E [0, /) it 

follows I{s, z) > s + 6. li this is true and / < +00, then letting I — 6<s<I it follows 
that /(s, z) > I contradicting Step 2, and thus / = +00. 

To prove the existence of 5 > as before, let ^ be a local chart of M which trivializes 
TM and such that zq has coordinates O. With no loss of generality we can assume that 
U contains a closed polydisc P which contains the ball B of radius 1 and center O in C"^. 
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Let r < 1. Let Mj. := {z G C" : \z\ < r}. By the very definition of weak liolomorpliic 
vector field of order d tliere exists C := Cb^,[o,/+2] ^ -^'^([0, / + 2], IR+) sucli tliat 

(3.2) \G{z,t)\<C{t) 

for all z E Mr and almost every t G [0,/ + 2]. Moreover, by Lemma 12.21 there exists 
C ■= Cp^ioj+2] e ^'^([O, / + 2], M+) such that 

(3.3) \G{z,t)-G{w,t)\<C{t)\z-w\ 

for all z,w ^Mr and almost every t G [0, / + 2]. 

The functions [0, / + 2] 9 m i— ;> /^ C{T)dT, [0, / + 2] 9 m i— > /^ C{T)dT are absolutely 
continuous and therefore there exists (5 > (which we can suppose strictly less than 1) 
such that for all s G [0, / + 1] it holds 

ps+S ps+S ^ 

(3.4) / C{r)dT<r, \ C{r)dr <r. 



For s G [0, / + 1] let us define by induction 

'xg(t) := O 

<W = t ^«-iM' ^)^^ t G [s, s + (5]. 

We notice that |a;Q(t)| = < r. Assuming that |x^_i(t)| < r for all t G [s, s + 5], by (13. 2p 
and (13. 4p we have 

K(t)|< f\G{x:^,{T),T)\dT< fc{r)dT<r, te[s,s + 6] 

J s J s 

which, by induction, imphes that x^(t) is well defined for all n G N and t G [5, 5 + 5] and 
|<(t)|<r. 

Now, by (13. 3p and (13. 4|) we have 

\xl{t)-xUm < f\G{xUir),r)-G{x:_,{r),r)\dr 

J s 

<l^c{T)\x:_,{r)-x:_,{T)\dT 

t 



< max |x^_i(r)-x^_2WI / C{r)dT. 



for n G N and t G [s,s + (5]. From this follows that {x^} is a Cauchy sequence in the 
Banach space C°([s, s + (5], C"). Therefore it converges uniformly on [s, s + (5] to a function 
x'^ G C°([s, s + 5], Br). By (13. 2p and the Lebesgue dominated converge theorem it follows 
that 



x'{t) = f G{x'{t), T)dT Vt G [s, s + (5], 
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or, in other words, 

which proves that I{zo, s) > s + 6 as needed. 

4. {(ps,t) is an "algebraic" evolution family, namely. Properties (1) and (2) of Definition 
12.71 hold. This follows at once by the uniqueness of solutions of ODE's. 

5. For all fixed < s < t < +cx) the map M 3 z ^-^ ^s,t{z) G M is holomorphic. Let 
Zq E M and let < s < t < +oo. The absolutely continuous (compact) curve [s, t] 9 77 ^— *> 
fr],t{zo) is covered by a finite number of coordinates charts, so that we can find a partition 
s = to < ti < . . . < tm = t such that each curve [tj, tj+i] 3 r] \-^ {prj^tj+i{zo) is contained in 
a coordinates chart. By Property (2) of Definition 12.71 (which holds for {(ps,t) by Step 4), 
holomorphicity of (fs,t at zq will follow as soon as we can show holomorphicity of ^f-i,t- 
at ips^iXzo) for j = 1, . . . , m. Therefore, we can suppose that the curve [s, t] 9 r^ 1— >• (/?^^j(zo) 
is contained in a local chart. 

By (13. ip . for any open neighborhood V of zq, relatively compact in U , there exists a 
open neighborhood W dU oi zq such that for any w eW and all rj G [s, t\ it follows that 

Vs,ri{w) G V. 

Since holomorphy is a local property, we can work on the local chart U (centered at 
Zq), which we may assume is the ball IB := {2; G C^ : \z\ < 1} of center O and radius 1. In 
such local coordinates we can write G = (Gi, . . . , (?„). For r] G [s, t] let 



A{v) ■■-- 



' 921 ■ ■ ■ dZn > 



dGn{(ps,ri(P),v) dGn(<fis,ri{0),ri) 

\ dz\ ' ' ' dzn ' 




By Cauchy formula and (12.11) (arguing similarly to the proof of Lemma [2. 2p . each entry 
of A{r]) is a L'^-measurable function in 77. It is well known that the following system of 
ODE's 

Id 

has a unique continuous solution Hij]) which is an invertible n ^ n matrix for all rj. 
Let f G C" be such that |f | = 1. We will prove that 

(3.5) hm ^-iM^^£:iW ^ ^-i(^) . 

showing that z ^^ fs,t{z) is holomorphic. 

Since the topology induced by kM coincides with the one of M , the previous argument 
based on (13. ip shows that there exists 6 > such that 

(3.6) sup{\(ps,^{z)\ : |z| < 5,7] G [s,t]} < —. 
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Let P := {z E M"" : maxj \zj\ < l/(4n)} be the polydisc of center O and multi-radius 
l/(4n). Let Cp^t e L'^i[0, t]) be as in (I22D (with T = t). We let 

^iv) ■= \Vs,vihv) - v?s,,,(0)|, 

where h E C is such that \h\ < 6 and r] G [s,t]. Then 9 G C°([s, t],]R^). Since (Ps,ri{z) 
solves (II ■2p . and ips^^{hv) G P for all rj G [s,t] and \h\ < 5 hj (13. 6p . it follows that 

<\h\+ r\G{vsAhv),o-G{vs,m,o\ d^ 

J s 

<d{s)+ rCpM)di. 

J s 

Gronwall's Lemma [3.21 implies then 

e{v) < eis) exp ( r Cp^tiOd^ yv e [s, t]. 



Therefore, setting C{s,t,P) := exp(/^ Cp^tiOdO^ "^^ have 

(3.7) \ips,rj{hv) - ips,r,m < \h\Cis,t,P) \fr] G [s,t]. 

Fix h and let fh{r]) := {ips,r,{hv)-ips,r,{0))/h. Let us denote (ps,ri{z) = {^pl^r^iz), ..., V2",y(^))- 
In what follows we assume that ip{.^{hv) ^ ^i^r^iO) for all < /i << 1, j = 1, . . . , n, and 
leave to the reader the (obvious) changes in case ip{,^{hv) = ^pi^r^iG). Then, for almost 
every r] G [s,t], it follows 

dipa,ri(hv) difis,r]iO) 



df, 



iv) 



dr) 



-t^f— _ G{ips,rj{hv),r]) -G{ips,v{0),v) 



dr] h h 

_ i^l^ihv) - ^l^{0)) G(^,,,(H, V) - G(«,(0), ^l^ihv), . . . , <,^(0)), v) 



+ ...+ 



icpl^ihv) - v.:,,(0)) Gii^l^iO), . . . , ^tv'(O), ^Uhv)), r,) - G(y.,,,(0), r/) 



h 



^Ivihv) - ^1,(0) 



where 



L'Av) 






h 



G(^,,,(H, ^) - G(«,(0), ^l^ihv), ..., vl^iO)), r/) 



vUhv)-^l(O) 



dG_ 

dzi 



{iPs,rj{0),ri) 
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and L2 (r^), . . . , L'^irj) are defined similarly. Thus, multiplying by Hijj), 

and, by the very definition of H, it holds 

±{H{r^)U{r^)) = H{^)Y,L]{r,) a.e. ^ e [s,t]. 

i=i 
Integrating we obtain 

H{t)Mt) - Ms) = J2[ H{r^)L']{r])dv. 

But fh{s) = V for all h. Moreover (12.21) and (13.71) imply that there exists a constant a > 
(independent of h) such that \H{rj)L'j{ri)\ < aCp^tiv) fo^ a-H ^- The Lebesgue dominated 
convergence theorem implies then lim/j^o /^ H{r))L'j[r))dr) = 0. Hence 

lim H{t)fhit)-v = 0, 

hec,h^o 

proving (13. 5p . 

6. for all fixed T > and K GG M compact set, there exists a function ct,k £ 
L"'([0,T],M+) sucli tliat ([23D is satisfied for all < s < t' < t < T. Fix s > o' and 
K GG M. Let T > and assume s < t' < t < T. Let V be a compact set in M which 
contains {^Ps,r}{z)} for all z G K and r] G [s,T]. Since the curve rj 1— > (Ps,r]{z) is absolutely 
continuous, and the distance between two points can be computed as the infimum of 
absolutely continuous curves (see, e.g., [6]), by (12. ip 

rf(v.,,K^),^.,W) < y^Jl^^^llrfr/ = ^J|G(^s,,W,r/)||ci^ 



< / CT,v{r)dT, 
Jt' 



and we are done. 

Thus {(ps,t{z)} is an evolution family of order d > 1 over M. Uniqueness follows at once 
from the uniqueness of solutions of ODE's. D 

Remark 3.3. One can drop the hypothesis of regularity of kM from the statement of Propo- 
sition 13.11 by giving a meaning in the sense of currents and distributions to the inequality 
dkM{G,G) < 0, similarly to what has been done by M. Abate in |2j for infinitesimal 
generators of semigroups using the Kobayashi infinitesimal metric. We leave the details 
to the interested reader. 
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4. From evolution families to Herglotz vector fields 

Proposition 4.1. Let M he a taut manifold with Kobayashi distance kM- Assume that 
ku £ C^{M X M \ Diag). Then for any evolution family {(ps,t) over M there exists a 
Herglotz vector field G G 7ioo{M) which verifies (11.21) . Moreover, if H is another weak 
holomorphic vector field which satisfies (11.21) then G{z,t) = H{z,t) for all z ^ M and 
almost every t G [0, +oo). 

Proof. We show that the Herglotz vector field G{z, t) is "morally" the vector field tangent 
to the (locally absolutely) continuous curve [0, +oo) 3 h \-^ {pt^t+h{z) ai h = 0. 

First of all, we fix a local coordinates chart U. Thus, there exists a biholomorphism 
$ : f/ ^ $(f/) C C". We are going to define a holomorphic vector field which solves (II. 2p 
on $(f/) and then pull it back via $. With a customary abuse of notation, in the sequel 
we avoid writing $, for instance, we write 'Ps,t{z) instead $ o !fs,t{z) and so on. 

1'. Local definition of an approximation family. Let [/' CC f/ be a relatively compact 
open subset of U and let T > 0. By Lemma [2l8] there exists ho = ho{U', T) > such that 
ft,t+h{z) G U for all z eU',te [0, T] and < /i < Hq. We let 

Gh{z,t):= "Pi't+hi^^-^ zeU', 0<h<ho, te[0,T]. 

2'. For every < h < ho fixed, the map U' 3 z ^-^ Gh{z, t) is holomorpliic for all fixed 
t. It follows immediately from the very definition. 

3'. The function [0, T] 3 t \—>- Gh{z, t) is continuous. It follows at once from Lemma [2^ 
4'. For every compact set K GG U' there exists At k > such that 



\Gf,{z,t)\<A 



T,K 



for all < h < Hq, z ^ K and every t G [0,T]. Indeed, by Property (4) of Definition 11.21 
we have 

\'ft,t+h{z) - Z\< Cud{ipt,t+h{z), iftA^)) < CuCT,K\'t + h-t\= CuCT,K\h\, 

and setting At^k = cuCt,k we have the claim. 

5'. For all t G [0, +cx3) there exists a sequence rrijit) — > 0"*" such that G{z,t) = 
limj^oo Gm(t){z,t) has the property that U' 3 z \-^ G{z,t) is holomorphic for all fixed 
t and [0, +cxd) 3 t \—>- G{z,t) is measurable for all fixed z G U' . Let {Kr} be a compact 
exhaustion of U' and let T G N \ {0}. Let 

Tt := {/:[/' ^ C" : sup |/(^)| < AT,K.,r G (0,+oo)}, 

z€Kr 

where Ax^Xr > is the constant given in Step 4'. By Step. 4' the family {Gh{z,t)} is 
normal for every fixed t > 0, thus every accumulation point is holomorphic. 

The space Tt is a closed bounded subset of Hol([/, C"). Thus it is a compact metrizable 
space (with respect to the topology of uniform convergence on compacta). 
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Let 7t : T^ -^ T^ be the measurable selector (see, e.g., [12] )■ Then consider the 
sequence {Gi/m{z,t)}meN C. Tj- and let 

(4.1) C'iz^t) := 7T({Gi/„(^,t)}) := lim G^{z,t). 

By the very construction and definition of measurable selector, [T — 1, T) 3 t \-^ G'^{z, t) 
is measurable for all z. Then define G{z, t) := G'^{z, t) according to whether t G [T — 1, T). 
6'. The map G{z, t) is a weak holoniorphic vector Geld of order cxd over U' and satisGes 
(11.21) . By Step 5', since G{z,t) e Ty, it is clear that G{z,t) is a weak holomorphic vector 
field of order oo on U. Now, by (14. ip and for almost every t G [0, +oo) (and for s < t so 
that (Ps,ri{z) G U' for r] G [s,t]) we have 



dt h^o h h^o h 

= lim T-TTx = G{^sAz),t). 

7'. For every polydisc P GG U' and for all < s < t such that there exists a polydisc 
P' GGU for which Lps,r){P) ^ P' for all rj G [s, t], it follows that ips,t : P —>^ U is univalent. 
Let z,w & P and z ^w. Assume by contradiction that ^s,t{z) = ips,t{,ui)- Let 

^iv) ■= \Vs,rj{z) - (/?s,r,(w)|, r] G [s,t]. 

Let CK,t G L°^{[0,t]) be as in (ESD (with T = t). Then 



9{ri) = \(Ps,^{z) - ipsA^) - Vs,r,{w) + (PsA^)\ 



{G{vs,d^),0-iG{^sM,Od^ 



'V 

< f \Gi^s,^iz),0-Gi^s,d^),m^<\CKAL- I eiOdc 

J rj J rj 

Gronwall's Lemma 13.21 implies that 9{ri) = for all r] G [s,t]. But 6{s) = \z — w\ ^ 0, 
reaching a contradiction. 

8'. Uniqueness of G{z,t) on U'. We are going to prove that if H{z,t) is another weak 
holomorphic vector field over U' such that 

(4.2) ^^ = Hi^^A^U) 

for almost every t G [0, +oo) (and for s < t so that fs,ri{z) G U' for 77 G [s,t]) then 
H{z, t) = G{z, t) for all z E U' and almost every t G [0, +00). Let P GG U' be a polydisc 
and let s ~ t so that ips^AP) is contained in a fixed polydisc relatively compact in U' for 
all 7] G [s,t]. Then from (11.21) and (14. 2 p we obtain that for almost every t G [0, +cxd) and 

q e VsAP) 

H{q,t)^Giq,t). 
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Since z ^^ fs,t{^) is univalent on P by Step 7', the set ips,t{P) is open in U' and thus by 
the identity principle for holomorphic maps G{z,t) = H{z,t) for all z & U' and almost 
every t G [0, +oo). 

Now we have a way to define the vector field solving fll.2p on each relatively compact 
open set of any local chart in M, and such a vector field is unique for almost every 
time. Since M is countable at infinity by the very definition of manifold, we can cover it 
with countable many coordinates charts in such a way that this covering is locally finite. 
Hence the previous construction allows to define globally G{z, t) on M for almost every 
t G [0, +CX)) in such a way that fll.2p is satisfied. 

To end up the proof, we need to show that G{z, t) is a Herglotz vector field. To this aim, 
it is only left to show that {dkM){z,w){G{z^t)^G{w^t)) < for a.e. t G [0, +oo), z ^ w. 
The map M 3 z ^^ Vs,t{z) is holomorphic, thus by Property (2) of Definition II . 21 

for all /i > 0. 

Let Z{s) be the zero measure set such that [s, +oo) \ Z{s) 3 1 1— > ^s,t{,z) and [s, +oo) \ 
Z{s) 3 t I— > ips,t{w) are different iable. Let Z := UseQZ{s). Then Z has zero measure. Let 
to £ [0, +oo) \ Z. By (14.31) and (11. 2p (and taking into account that y:>s,t{z) ^ ips,t{w) as we 
will show in Proposition 15.11) , we have 

~ h^O h 

= {dkM)i^,,to iz),vs,to M) (Gi'^sM {z),to), G{i^sM (^) , ^o) ) , 

which holds for every s G Q such that s < to- Taking the limit for Q 9 s — s- to by 
Lemma [2.81 we have the result. D 

Remark 4.2. If M = D the unit disc in C, in [4] we proved that Proposition 14.11 holds 
also for evolution families of order d > 1 (and not just d = cxd). This was done by using 
the Berkson-Porta representation formula for infinitesimal generators, which is missing in 
higher dimensions. 

Remark 4.3. Dropping the hypothesis on the regularity of kM in Proposition 14. 11 it follows 
from the above proof that given an evolution family {ifs,t) on M then there exists a weak 
holomorphic vector field G of order oo which verifies (II. 2p . It does not seem to be clear 
how to obtain that G is Herglotz, not even in the distributional sense. 

5. UNIVALENCE OF EVOLUTION FAMILIES 

Proposition 5.1. Let {(fs,t) be an evolution family on a taut manifold M. Then for every 
< s < t < +00 the map M 3 z ^-^ fs,t{z) & M is univalent. 
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Proof. Fix < s < t < +00. We show that ips^t is injective on M. By contradiction, 
assume {ps^t{zo) = (ps^ti^i) with zq ^ z^. Let to ^ [■§, t] be the smallest number such that 
V5s,to(2;o) = ^smX^i)- Since v?s,s = idM, Lemma EJ] implies to > s. Let 22 = V5s,to(^o)- Then 
for all u G (s, to) 

(5-1) (^„,4„(v95,„(2;o)) = V5s,io(^o) = ^2 = V5s,to(2;i) = V^MolV's.wl^l))- 

Let f/ be a local chart around Z2 and let P be a relatively compact polydisc in \J . By 
Lemma [2^81 we can choose s < m < to such that both V3s,u(2;o) and ^a,u{,^\) are contained 
in P and (/9„,,(P) is contained in a relatively compact polydisc in U for all 77 G [M,to]. 
Looking at the proof of Proposition 14.11 (Steps 1' to 7') it follows that ^u^ is injective on 
P. But v5s,„(-2o) 7^ V^s,«(-2i) by definition of to, hence we get a contradiction with (15. ip . D 
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